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We would like to show that
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Chap 4. Applications of Fourier series .

§ 4. i Iso perimetric inequality .

Thmit . Let T be a C
"

simple closed curve in HI.
Then

a ⇐ f÷ ,

where b- LCT) is the length of T and

A is the area of the region bounded by T.

The ' '= " holds it and only if T is a circle .

it:*::c:c.

Def : A parametrize curve in pi is a mapping
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.
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Def .
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a curve parametrized by arc- length if
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Parametric T by its arc - length, say
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Let r denote the region bounded by F. To estimate

the area of R, we use Green Thin in calculus :

Green Thm
- :

for
,
pcxisldxt Qcx , b) dy = § 2¥ - fly dxdy

In particular, taking Qcx , y ) = x and Pex , y) =o gives

for
,

x dy = ffs I dxdy = Area (e) = A
.

Notice that

§; x dy = f!
"

Htt yktsdt = A
.

I

Let us expand xct), yet ) into their Fourier series on [quit :
b b

xctl = I Aneint
,

yet) = I bneint
.

h= - is
h= -b



x'its ~ ¥
,

inane
int

,
y
'

~ ¥, inbneint.

By Parseval identity

27

⇐ xktftyttfdt-F.nl/inanftlinbnlY
°

= Ei
. ?
n'( tant't Ibni)

.

Moreover

⇐ fo"xctIy'ctidt = ¥ So" xctlytttdt
w

= E xhcniycns
N=-W

co -

= -2 An - inbn
h= - is

Hence A- = 21T Ethan - fin)bT

Hence

A- = it .tn?7sanfin)bn/
is

I 21T E lntclnllbnl
h=- b

⇐ 21T £7, Inl HbhI
E 21T . II. is n' tab

"

s =p,
2.



This proves the isopenimebi.ie inequality !
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So we can write
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So

d- D= % or -3%

So yet) = bot cos (Ptt )
= bot cos ( att - %)
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i. e . X = Aot cos Catti
{ yet ) = bot Sin Catt )

That means f is a circle
.

④ .


